I. INTRODUCTION PEN-ENDED coaxial probes have been studied ex-0 tensively in order to measure the dielectric constant and dielectric losses at microwave frequencies. The sensors are mainly used to measure materials with high dielectric constant like human tissue or high-permittivity liquids 111- [3] . For these measurements a model for the admittance of a flanged coaxial probe radiating into a material is used. A model was developed as early as 195 l by Levine and Papas [4] . An overview of some equivalent formulations that have been presented since that time is given in 1.51. In this paper we will always refer to the formulation of Levine University of Ghent, 9000 Ghent, Belgium.
dation of Belgium (NFWO).
Yo is the admittance for the open-ended coaxial probe with inner radius a and outer radius b, containing a filling material with dielectric constant E,.. The probe is radiating into a material with dielectric constant qn.
In this paper, the probing technique is adapted to measure the dielectric constant of thin sheet materials with low dielectric constants.
Simulations with the model of Levine and Papas show that probes with small dimensions as used in [ 11, [2] cannot be used to measure materials with a low dielectric constant at low frequencies since no distinction can be made between the phase and amplitude characteristics of the reflection coefficient for different values of the dielectric constant. This will be illustrated in Section 11.
As a result of these simulations it is clearly proven that a probe with larger dimensions is required. Details on such a probe, built by the authors, can also be found in Section 11.
Previous literature 121, [6], 171 mostly contains analyses that deal with a coaxial probe radiating into a uniform space basically treating only the TEM mode. It will be shown that the formulation of Levine and Papas does not yield accurate results for low dielectric constant samples. Consequently, a new model was developed using the spectral-domain technique. A closed-form expression is found for the admittance of a flanged coaxial probe radiating into a material of finite thickness backed by a metal plate. The TEM part of this expression easily relates to the integral of Levine and Papas (1) . Measurements based only on the TEM part still show inconsistencies. It is shown that the use of higher order modes adequately reduces these aberrations at the cost of more calculation time.
Uncertainty in the calibration standards and the influence of air gaps are found to be major factors in measurement uncertainty. Therefore the newly obtained model has been adapted to treat a general planar stratified medium. This multilayered model is used to study the influence of air gaps on the measurements. A perturbation analysis is made by simulating a material with a layer of air above it. Subsequent data inversion is done assuming that no air gap was present. The theoretical results obtained from simulations are compared with experimental data obtained for a Teflon-air gap configuration.
0018-9456 93503 00 1991 IEEE 11. DESIGN OF A NEW COAXIAL PROBE Coaxial probes with small dimensions cannot be used to measure materials with a low dielectric constant at low frequencies. This is illustrated in Fig. 1 which shows the amplitude of the reflection coefficient I K 1 for several values of the dielectric constant. Up to 7 GHz no distinction can be made between the amplitude for different values of the dielectric constant. The phase characteristics show the same phenomenon. The results of Fig. 1 were obtained by simulations using (1) with a probe having an inner conductor radius a = 0.48 mm, outer conductor radius b = 1.821 mm and polystyrene filling. These are the dimensions of a commercially available probe made by Hewlett Packard (HP85070A).
It is thus clearly proven that a probe with larger dimensions is needed. A new probe, shown in Fig. 2 , was built in-house. The radius of the inner conductor is 8.7 mm the outer conductor has a radius of 20 mm. The inner conductor is supported in the outer conductor by a thin Teflon disc. The flange has a radius of 40 mm. A gradual transition was made from the coaxial line to an N-type connector to reduce reflections. This transition was designed using the finite difference time-domain (FDTD) approach presented in [SI. Time-domain reflectometer (TDR) measurements show an impedance mismatch of less than 8 % at the transition. A I ( I t , 111. SPECTRAL-DOMAIN CALCULATION OF THE PROBE ADMITTANCE We first formulate the problem for a dielectric sheet in front of a ground plane as shown in Fig. 3 . The coaxial probe with inner diameter a and outer diameter b , containing a dielectric with dielectric constant t, is used to measure a material of thickness d with a dielectric constant E,. The material is backed by a metal plate.
A. Electric and Magnetic Field in the Coaxial Line
In the coaxial line only the TEM mode is excited, but higher order modes are created at the interface between the probe and the sheet material. As a consequence of the axial symmetry of the problem only the 0 independent TM higher order modes need to be considered. The electric field has both a radial component and a z-component. The magnetic field is azimuthal. A suppressed time variation el'"' is used in all field representations.
In the cylindrical ( p , 0, z ) coordinate system (see Fig.   3 ) the radial electric field and the azimuthal magnetic field in the coaxial line can be written as 
(4)
A, is the complex amplitude of the incident TEM mode, K is the reflection coefficient of that mode known from measurements, and A , are the unknown amplitudes of the higher order modes. The potential functions & and 6, are given by
The admittances Yo and YLI and the wavenumbers ko, k,, 
(8)
The frequency is chosen such that the higher order modes do not propagate, hence y q > 0. This limits the frequency up to which our probe can be used to about 3
GHz.
The function Ro is a linear comnbination of a Oth-order Bessel function of the first kind and a Oth-order Bessel function of the second kind (the Neumann function):
= k,Er + k,E, and h = m. The function R I is defined as in (9), but with the zeroth-order Bessel functions replaced by first-order ones.
In (13)-(15)

C. Spectral Electric and Magnetic Fields in the Material
In the spectral domain introduced above, it is particularly easy to express the fields inside a planar stratified medium. We will not go into detail at this point, but refer the reader to [9] and the references thereof. For the configuration depicted in Fig. 3 , i.e., a sheet in front of a ground plane, and if only TM modes need to be considered as in our case, the spectral fields are found to be
Since the longitudinal electric field E: is zero at the in-
These equations yield expressions for the propagation -(18) ner radius a and at the outer radius b this implies that:
The propagation factor is given by constants Cq and for the coefficients C, :
We omitted the expression for the z-component of the
The boundary condition at z = d , i.e., zero tangential electric field, is already satisfied. Bo is still an unknown
The factors S, are found by solving:
B. Spectral Transformation of the Electric Field in the Coaxial Line
It is our purpose to obtain an expression for the admittance Yo. The first step in obtaining such an expression is performing a spatial Fourier transform in the (x, y) plane on the electric field in the coaxial line at z = 0. After
D. Expression for the Admittance
At the interface between the probe and the material,
i.e., at z = 0, continuity of electric and magnetic tangential fields is required. Because the tangential electric field is zero at the flange of the probe, we can simply equate 
E. Relation to the Integral Expression of Levine and Papas
As has been stated earlier, it is possible to relate the first term of (22) to (1). As is easily verified the first term of (22) can be written as
The first term of (27) is the expression found in (l), while the second term is a correction term due to the finite thickness of the material.
F. Extension to a Multilayered Model
Expression (22) is easily extended to a multilayered model. To this end we have to generalize (17) and (18). It is shown in [9] that the TM mode in any layer of a planar stratified medium can be written as with E the dielectric constant of that layer and with r = -.
P and Q are as yet unknown constants. We again omitted the z-component of the electric field.
Expressions (17) and ( 1 8) were obtained by demanding that E be zero at z = d , i.e., at the metal plate. If the layered medium now consists of several layers, (28) and (29) are written for each layer introducing two unknown coefficients per layer. At the interface between consecutive layers the continuity of E and is enforced, yielding two equations per interface. If the rightmost layer is backed by a metal plate, E must be zero there, yielding a relation between P and Q for that layer. If the rightmost layer extends to infinity, Q must obviously be zero for that layer expressing that no wave comes from infinity. In any case only a single unknown coefficient is left to describe the whole layered medium. This coefficient plays the role of Bo in (17) and (18). Further calculations show that for such a general multilayered medium coth r d in (22) and (23) must be replaced by ( P -Q ) / ( P + Q), where P and Q are the values obtained for the leftmost layer, i.e., the one on which the probe is resting.
For a two-layer model backed by a metal plate, with the first layer having a dielectric constant t l and thickness d l , and the second layer having a dielectric constant E? and thickness d2, the following expression is found for the admittance if the procedure outlined above is applied: IV. NUMERICAL RESULTS AND MEASUREMENTS To our knowledge, little or no data are available for the reflection coefficient of a low-permittivity material of finite thickness. Therefore the newly developed model was compared to data obtained from an FDTD program and to data obtained from Mosig [lo] for the case of an infinitely thick material. In our calculation we used three higher order modes. As can be seen in Fig. 4 , agreement with FDTD is excellent at the lower frequencies; at higher frequencies some discrepancies are seen, but these can be diminished by taking more higher order terms into account. The curve obtained from [lo] which extends to 10 GHz completely coincides with our data. The parameters in the simulations were: inner conductor a = 1.34364 mm and outer conductor b = 4.7250 mm. The dielectric in 
the probe is E,. = 2 . 0 5~~. The dielectric of the material is E,,! = 2 . 0 5~~. The above example validates our approach. All measurements were performed using an HP85 1OC network analyzer. Calibration of the probe was done using a short-circuit disk, an open end, and a sample of Teflon. Teflon is used as a calibration standard since the value of 2.1 is constant over a broad range of frequencies, as has recently been confirmed in several publications, among others I l l ] , [12] . Since the loss factor is not accurately known, but very small, a zero value is assumed here.
In Fig. 5 a comparison is shown between the model of Levine and Papas and our new model (of which only the TEM part of (22) It is obvious that taking only the TEM part of (22) into consideration gives an improvement over the model of Levine and Papas. However, the results are hardly satisfactory if a very precise knowledge of the dielectric constant is required. Drastic improvements in the results are obtained when three higher order modes are taken into consideration. This can be seen in Fig. 7 between the nylon samples is about 3 7%. We have also investigated the effect of taking a larger number of higher order modes into account. Fig. 8 shows the relative difference in dielectric constant as obtained from measurements on a 1 cm and a 2 cm nylon sample using different models. Curve 1 is obtained with ( l ) , curve 2 is based on (27), and curves 3 and 4 are based on (22) with 3 and 6 higher order modes respectively. It is seen that for 6 higher order modes the difference is very small (1 % for lower frequencies to 2 % for higher frequencies) and can largely be attributed to measurement errors. with respect to the model of Levine and Papas is more than 14%.
The value obtained for the nylon samples was compared to values found by an independent method using a coaxial waveguide transmission technique. The coaxial line used had an outer diameter of 3 1 / 8 " . The result is shown in Fig. 9 . Up to 1 GHz a difference of 3% is found; the measurement points at 1. . In that paper, deviations between independent methods are seen to be of the same relative order of magnitude as found here.
The small discrepancies still found between samples of different thicknesses are thought to be mainly due to errors in the calibration standard and to the presence of air gaps between the sample and the probe. Quantifying the error of the calibration standard is difficult since a precise and consistent value for the loss factor of Teflon has not been found in the literature. As a consequence the loss factor has been put to zero here so that a small deviation in measured values has to be expected. A second source of errors is the air gap between the material and the probe. However polished the material may be, the existence of an air gap cannot be excluded. Simulations have been made to quantify the influence of an air gap. The TEM part of the two-layer model is used, i.e., the first term of (30). A uniform layer of 0.5 mm air on different Teflon samples is considered. The admittance resulting from simulations for this configuration is compared to the simulation results obtained while neglecting the air gap. Results are seen in Fig. 10 : a uniform air gap can cause an error of up to 20% for a 1 cm sample. As the samples grow thicker the error is somewhat reduced. Results for the 2 cm and 3 cm Teflon sample almost coincide. The error introduced by neglecting the presence of the air layer remains at 10 % .
A measurement was then taken of a 1 cm Teflon sample with a 1 mm air gap. From the measurement data, the permittivity was determined first based on the assumption that no air layer was present, and then based on the assumption that the air layer was indeed present. The first results are indicated by crosses (X) in Fig. 11 data into permittivity values. Finally, the dashed line at 2.1 gives the results for a simulated medium, but this time the data inversion was based on the correct two-layer model. This obviously leads to the correct 2.1 value for Teflon.
The difference between the measurement results on the one hand and the simulated results on the other hand resides in the fact that our model does not take all physical phenomena into account. Notice in particular the resonance phenomenon at 800 MHz which is probably due to the presence of spacers that had to be used in order to obtain the 1 mm air gap. However, the above results OCTOBER 1993 clearly demonstrate that the influence of air gaps can be important and that an improved model taking these gaps into account yields much better results. The dotted curve ( 0 ) agrees very well with the exact value of 2.1 at least below 800 MHz. At higher frequencies the agreement is still much better than for the curve with the crosses (X) where the effect of the air gap was neglected.
In reality a uniform air layer is not encountered. Still, the results of the above simulations show that even small air gaps can cause drastic errors in the measurements. The total measurement error of the open-ended coaxial probe method is still under investigation by several authors. In [14] the uncertainty for measurement of water is estimated to be 1 % . This measurement error only takes the network analyzer uncertainties into account. As proved above, the influence of air gaps for large probes constitutes an important contribution to the total measurement error especially when thin-sheet materials are considered.
V. CONCLUSION This paper adapts the well-known coaxial probe technique to the measurement of low-permittivity materials by considering a new large probe and by developing an accurate model for the probe. The theoretical analysis is based on the spectral-domain method. The closed-form relation obtained is related to the well-known integral expression of Levine and Papas. It is seen that the new model drastically improves measurement accuracy for low-permittivity materials. The model can easily be extended to a multilayered model. A two-layer model is used for perturbation analyses. These analyses show that the influence of air gaps is quite important especially for thinsheet materials.
